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Abstract: In this paper we introduced Smarandache-2-algebraic structure of -R-module 
namely Smarandache- -R-module. A Smarandache-2-algebraic structure on a set N means 
a weak algebraic structure AO on N such that there exist a proper subset M of N, which 
is embedded with a stronger algebraic structure A 1, stronger algebraic structure means 
satisfying more axioms, by proper subset one understands a subset from the empty set, from 
the unit element if any, from the whole set. We define Smarandache- R-module and obtain 
some of its characterization through S-algebra and Morita context. For basic concept we 
refer to Raul Padilla. 
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§1. Preliminaries 

Definition 1.1 Let S be any field. An S-algebra A is an (R, R) -bimodule together with module 
morphisms /a : A®rA — > A and ij : R — > A called multiplication and unit linear maps respectively 
such that 

A A <Sir A A ( g )r A R A with p o (p <g> 1^) = po (1^ ® p) and 

i A®n 

R a A -^> A with p o (77 ® 1 a) = po ( 1 ^ ® 77 ). 

1a0i? 

Definition 1.2 Let A and B be S -algebras. Then f : A — > B is an S-algebra homomorphism 
if Tb 0 (/ <S> /) = / 0 Ma and f °r\A=r) B . 

Definition 1.3 Let S be a commutative field with 1^ and A an S-algebra M is said to be a 
left A-module if for a natural map n : A <Sir M — > M, we have w o (1^4 ® n) = n o (p ® 1m)- 

Definition 1.4 Let S be a commutative field. An S-coalgebra is an (R, R) -bimodule C with R- 
linear maps A : C — > C®rC and e : C — > R, called comultiplication and counit respectively such 
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A lc®A A 1 C®£ 

thcitC — >C®rC =4 C®rC®rC with (lc®A)oA = (A® lc)oA and C — > C®rC =4 i? 

A01 c £01 c 

with (1 c ® e) o A = lc = (e ® 1 c) ° A. 

Definition 1.5 Let C and D be S-coalgebras. A coalgebra morphism f : C — ► D is a module 
morphism if it satisfies Ajjo/= (/ ® /) ° Ac and £d ° f — £c ■ 

Definition 1.6 Let A be an S-algebra and C an S-coalgebra. Then the convolution product is 
defined by f*g = fio(f®g)oA with 1 Homu(C, A) = rjo e (l fl ) for all f,g£ Homu(C, A). 

Definition 1.6 For a commutative field S, an S -bialgebra B is an R-module which is an algebra 
(B,ia,r]) and a coalgebra {B, A,s) such that A and £ are algebra morphisms or equivalently p 
and 77 are coalgebra morphisms. 

Definition 1.7 Let R, S be fields and M an (R, S) -bimodule. Then, M* = Hom.jt(M, R) 
is an (S, R) -bimodule and for every left R-module L, there is a canonical module morphism 
a M . £ _ ► Homn(M, L) defined by a^ 1 (m* ® 0( m ) = m*(m)l for all m G M,m* € M* 

and l £ L. If a is an isomorphism for each left R-modide L, then rMs is called a Cauchy 
module. 

Definition 1.8 Let R,S be fields with multiplicative identities M, an (S, R) -bimodule and N, 
an (R, S)-bimodule. Then the six-tuple datum K = [i?, S, M, N, (, }r, (, )s] is said to be a Morita 
context if the maps (,)r : N ®g M — > R and (,)s ■ M <Sir N S are binmodule morphisms 
satisfying the following associativity conditions: 

m'(n,rn)R = ( m',n)s m and ( n,m)Rn ' = n(m,n')s 

(,)r and (,)s are called the Morita maps. 



§2. Smarandache-i?-Modules 

Definition 2.1 A Smarandache-R -module is defined to be such an R-module that there exists 
a proper subset A of R which is an S -Algebra with respect to the same induced operations of R. 



§3. Results 

Theorem 3.1 Let R be a R-module. There exists a proper subset A of R which is an S-coalgebra 
iff A* is an S-algebra. 

Proof Let us assume A* is an 5'-algebra. For proving that A is an S-coalgebra we check 
the counit conditions as follows: 



1 . ec 



it A 



e : A « A® r S 



A®r a 



R. 
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Next, we check the counit condition as follows: 

A: A « A® r S® r S 1a0v -^ s(A) A® R (A* ® R A)® R A* 

lA ^ A {A ® R A) ® R (A ® R A)* (71 A) ® R (A A)* 

1 -^» A (A ® R A) ® R A* -=-> (A ® R A) ® R A -=-> A <g> R A -=-> A. 



Thus, A is an 5-coalgebra. 

Conversely, Let us assume A is an 5-coalgebra. Now to prove that A* is an 5-algebra, we 
check the unit conditions as follows 

r, : 5 vE ^ {A) A® R A* 1 a® A -=-*■ A. 

We check the multiplication conditions as follows A is a Cauchy module. Notice that 

A® r A-+R, 

A « A ® R A ® R 5 1a 0 ^I^ s(a) A® r A® r A*->R® r A * ^ A*, 
p, : A ® R A A* ® R A ^ R® r A* A* . 

Thus, A* is an 5-algebra. By definition, R is a smarandache 5-module. □ 

Theorem 3.2 Let R be an R-module. Then there exists a proper subset Ends(M)* of R which 
is an S-algebra. 

Proof Let us assume that R be an R- module. For proving that Ends(M) is an 5-coalgebra 
which satisfies multiplication and unit conditions p : Ends(M) ® R Ends(M) — > Ends(M) and 
r] : R — > Ends(M), we check the comultiplication condition as follows: 

A : Ends(M) ~ Ends{M)® R Ends(M) ® R Ends(M). 

Next, we check the counit conditions as follows: 

s : Ends(M) ~ Ends(M)® R R En ^—> 0V Ends(M) ® R Ends(M) 

^ Hom R {M , M) ® R Hom R {M , M) 

(M' ® R M) ® R (Af' ® R M) R2)r R-^ R. 

Thus Ends(M) is an 5-coalgebra. By Theorem 3.1, Ends(M)* is an 5-algebra. Hence, R is a 
Smarandache 5-module. □ 

Theorem 3.3 Let R be an R-module. Then there exists a proper subset M ® R M* of R which 
is an S-algebra. 



Proof For proving that M ® R M* is an 5-algebra, we check the multiplication and unit 
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conditions as follows: 



H : (M M*) ® (M (g) fl M*) 






M (M* ® R M) ® R M* 
M ® R R ® R M* 
M® r M*. 



As M is a Cauchy module, we have 

77 : R -► Ends(M) M AT, 



which implies that M M* is an S-algebra. Hence, R is a Smarandache i?-module. □ 



Theorem 3.4 Let R be an R-module. Then there exists a proper subset the datum [i?, M, N, (, )#] 
a morita context ( M <g) R N )* of R which is an S -algebra. 

Proof Let us assume that R be an .R-module. For proving that M N is an S'-algebra, 
we have 



H : (M ® R N ) ® R (M ® R N ) 



M (N ® R M) ® R N 
M ® R R® r N^ M ® r N , 



which shows that the multiplication condition is satisfied. 

Also, since M and N are Cauchy R-modules, there exist maps 

rjEnd R (M) : R — > M* ® R M and rjEnds(N) : R — > N* ® R N 



that can be used to prove the unit condition as follows: 



77 : R 



R ® R R 



rjEnds ( M)<g>r)Ends(N ) 



M0JV 



~®1 M0iV 



~®1 M®iV 



(AT* M) ® R (AT* N) 

( M * N*) (Af TV) 

(M <g> fl TV)* (Af AT) 

R* (M AT) 

R (Af AT) (Af AT), 



which implies that M ® R N is an S-algebra. By definition, R is a Smarandache R-module. 



Theorem 3.5 Let R be an R-module. Then there exists a proper subset the datum [R, Af, Af, (, }R] 
a morita context M ® R N of R which is an S -coalgebra. 



Proof Let us assume that R be an R-module. For proving that (Af ® R N) is an S-coalgebra, 
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we have 

(M <g> R N) <g>R (R®r) 

(M* ® R M) <g ) R (N* ® R AT) 

(M <g> fl AT) (M AT) (M* N*) 

(M ® R N ) ® R (M ® R AT) (M AT)* 

(AT AT) ®/j (Af ®/j AT) ®r i? 

(. M® r N ) ® R (M® r N). 

Also, we have the counit condition as follows: 

s:M® r N » (M® R N)® R R lM ® N ®^ ds(M) (M® r N)®r{M* ® r M) 

^ ^ ^ M M ^ 

which implies that ==> M ®r N is an A-coalgebra. Hence, R is a Smarandache R-nrodule. □ 

Theorem 3.6 Let R be an R-module. Then there exists a proper subset the datum [i?, M , N, (, }R] 
a Morita context iff M ®r N is an S -bialgebra. 

Proof First, if M ®r N is an A-bialgebra by Theorem 3.5, we know that M ®r N is an 
A-algebra and M ®r N is an S'-coalgebra. Hence by definition, R is a Smarandache A-module. 
If M ®r N is an A-bialgebra, we have the map 

£ = {-)r ■ Af ®r N — > R. 

Associativity of the map e = (,)r holds because the diagram 
(Af ®R N) ®R M -=-> M ®R (N ®R M ) 

£ ® 1 m \ y 1 m ® £ 

M 

is commutative. Hence the datum [ R , Af, N,(,)R ] is a Morita context. □ 
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lM®N®'nEnds(M)®r)Ends{N) 
1 m®n®(,)R* 
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